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The conductivity of mult icomponent isotropic heterogeneous sys tem is studied with the help of a 
computer using stat ist ical  analysis .  

We will investigate an isotropic heterogeneous system consisting of different polyhedrons, whose com- 
ponents fill the entire space without voids and have different transfer coefficients A i. If i = 2, then a binary 
system is being examined, while for i > 2, a multicomponent heterogeneous system is being examined. In 
order to study the transfer coefficients of such materials, in recent years, computer-aided statistical techniques 
are widely used, which has permitted obtaining important characteristics, unified by the term theory of per- 
colation or percolation processes. The general topological picture of the structure of a binary heterogeneous 
system as a function of the concentration of components has become clear from the work in [1-3]. Figure I 
represents a binary mixture of polyhedrons, where the dark regions have high conductivity, while the white 
regions are perfect insulators. Assume thatinitially the entire space is filled by insulators (Fig. la) and, then, 
a conductor is randomly disseminated into the system. A mathematical experiment on a computer, carried out 
using the Monte Carlo  method, showed that for low concentration m M (M indicates a metal) of the conducting 
component, regions  with high conductivity appear singly or as small  c lus ters  (Fig. lb). As the system grows, 
large c lus ters  can form as well, which together with the small c lus ters  form so-cal led isolated c lusters  (IsC). 
When the concentrat ion m M approaches a c r i t ica lva lue  m c (m M - -  mc) , the large c lus ters  begin to coalesce 
with one another and giant c lus ters  with odd shapes appear  (Fig. l c  and f), separated f rom one another by a low 
nonconducting space A - A .  For  m = me, the isolated c lus ters  coalesce and form infinite c lus ters  (InC); the 
sys tem becomes  conducting. With further growth, m M > me, the Jr, finite cluster  increases ,  absorbing small 
c lus ters ,  and conducting chains permeate  the entire sys tem,  forming a sys tem with interpenetrat ing components 
(Fig. ld), and the lat ter ,  with m M = 1, becomes a homogeneous (metallic) sys tem (Fig, le) .  The value m = m c is called 
the percolat ion threshold,  at which, in a conductor- ideal  insulator system,  conductivity by "hops" increases  from 
zero to some magnitude and then var ies  monotonically with increas ing concentration m M. This phenomenon is called 
hopping conductivity andthe existence of a percolat ion threshold is a general  phenomenon inherent both to disordered 
and lattice models .  The effective conductivity A of a two-component  highly inhomogeneous sys tem v = AI/A M = 
0, consist ing of a mixture of ideal insulators  and conductors with conductivities A I and AM, can be descr ibed 
with the help of the following computer-f i t ted  equations [3, 4]: 

rn~ < m ~ 0,5, A/A/vI~ A (m M -  m~) K, 

m <rn~, A/A i = 1/(1 - -  5raM), 

m c = 0 , 1 5 ~ 0 , 0 3 ,  K = 1 . 8 + 0 , 2 ,  A = l - - l . 6 .  

In what follows, the conductivity of inhomoger~eous sys tems was investigated with methods in which a 
computer stat is t ical  analysis  was combined with different model represen ta t ions .  These methods are reviewed 
in [5, 6]. In par t icular ,  a model constructed based on a combination of the percolation method and reduction to 
an e lementary  cell is const ructed in [6]. The equations obtained permi t  finding with sa t i s fac tory  accuracy  the 
conductivity of isotropic binary sys tems  for any rat io  of the conductivities of the components 0 ~ A1/A 2 -< i in 
the entire range of variat ion of their  concentrat ions 0 -< m 1 = 1 - m 2 -< 1. 

The formation of an infinite c lus ter  and the appearance of hopping conductivity have been studied quite 
well using stat is t ical  methods with the help of a computer  for binary media. An important  problem is the 
extension of this problem using the same methods to multicomponent (two and more  components) heterogeneous 
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Fig. 1. Model of a b inary  two-dimens ional  inhomogeneous body: a) 
m M = 0; m i =  1; b) m I > mM, m M < me; c and f) i so la ted  c lus te r s ;  d) 
m M_>mc;  e) m M =  1, m I = 0 .  
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Fig. 2. Model of a heterogeneous  sys t em.  

s y s t e m s  for a r b i t r a r y  conductivity of  the components .  

We point out one m o r e  p rob lem,  which is mos t  na tura l ly  solved by appealing to a ma themat ica l  exper iment  
on a computer .  In de termining exper imenta l ly  the the rmophys ica l  p r o p e r t i e s  of inhomogeneous s y s t e m s  or in 
calculat ing the i r  t e m p e r a t u r e  f ields,  the inhomogeneous sy s t em is usual ly  r ep laced  by a quasihomogeneous body 
with some effect ive p r o p e r t i e s .  In so doing, it is  n e c e s s a r y  to e s t ima te  the d imensions  of the so -ca l l ed  r e p -  
r e sen ta t ive  e lement  of  the sys t em,  whose t r a n s p o r t  coeff icient  is approx imate ly  equal to the t r a n s p o r t  coef -  
ficient of the en t i re  m a s s .  In what follows, we p re sen t  methods  for  solving such p rob l ems  and r e su l t s  of so lu-  
t ions.  

We examine f i r s t  a b inary  heterogeneous  sy s t em with a r andom dis t r ibut ion of components  (Fig. 1) and we 
will choose f rom the sys t em some  cube, in which the concentrat ion of components  equals  the cor responding  
concentrat ion in the ent i re  mass ;  we will a s s u m e  that the lengths of the cube edges equal unity and that  the 
l a te ra l  su r f aces  of the cube a r e  adiabatic ,  i .e . ,  

Ot ~- Ot = 0 ;  Ot _ Ot = 0 ,  (1) 
Ox I~=o Ox I~=, 0g ly=o 0y ly:-~ 
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F i g .  3. Dependence  of  t h e  c o n d u c t i v i t y  of  a b i n a r y  h e t e r o g e n e o u s  
s y s t e m  on the  n u m b e r  of l a y e r s  in the m o d e l  (a) [1) A / A  M = 1 . 1 0  -2, 
m 2 = 0.3; 2) 1 �9 10 -4 and 0.3; 3) 1 * 10 -2 and  0.7; 4) 1 �9 10 -4 and  0.7; 5) 
1 . 1 0  -2 and 0.9; 6) 1 . 1 0  -4 and 0.9] and on c o n c e n t r a t i o n  (b). 
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F i g .  4. C o n c e n t r a t i o n  d e p e n d e n c e  of 
t he  c o n d u c t i v i t y  of a t h r e e - c o m p o n e n t  
s y s t e m .  

whi le  the  s u r f a c e s  z = 0 and z = 1 a r e  i s o t h e r m a l  (F ig .  2) 

tl~=o = t ' ,  tl~=~ - t". (2) 

The b a s i c  m e t h o d  for  s tudy ing  the  c o n d u c t i v i t y  t h r o u g h  such  a s y s t e m  is  to s i m u l a t e  the  s y s t e m  with  the  
h e l p  of  a c o l l e c t i o n  of  c o n n e c t e d  r e s i s t a n c e s .  We s e p a r a t e  the  cube b e i n g  e x a m i n e d  by  p l a n e s  p a r a l l e l  to the  
b a s e  into N l a y e r s  and  each  l a y e r  in i t s  t u r n  into N 2 p a r t s  with p l a n e s  p a r a l l e l  to the  l a t e r a l  f a c e s .  R e s i s t a n c e s  
of s o m e  type  a r e  p o s i t i o n e d  b e t w e e n  the  n o d e s  of  the  l a t t i c e  o b t a i n e d  and the  n u m b e r  of  e ach  t ype  of  r e s i s t a n c e  
i s  p r o p o r t i o n a l  to the  c o n c e n t r a t i o n  of the  c o m p o n e n t s  (F ig .  2). Wi th  the  he lp  of a p s e u d o r a n d o m  n u m b e r  
g e n e r a t o r ,  t he  m a g n i t u d e  of  t he  r e s i s t a n c e s  i s  a s s i g n e d  one  of  two p o s s i b l e  v a l u e s .  We wi l l  denote  the  c o n d u e -  
t i v i t i e s  of  the  c o m p o n e n t s  by A 1 a n d A 2 , a n d  t h e i r  c o n c e n t r a t i o n s  by  m i and m 2 (m 1 + m 2 = 1), and we wi l l  f ind the  
o v e r a l l  r e s i s t a n c e  R to a f low Q b e t w e e n  the  i s o t h e r m a l  s u r f a c e s :  
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For a single cube, the a rea  of the isothermal  surface and the height of the cube equal unity, so that the effec-  
tive conductivity is A = R -1. If we assume that t '  = 0 and t" = 1, then we obtain f rom (3) A = Q, i.e., the problem 
reduces  to determining the flux passing through the cube. We f i rs t  find the magnitude of the flux Q1 flowing 
through the f i rs t  layer ,  in which there are M 2 res i s t ances ,  while M = N + 1. We denote by i = 1, 2, . . . ,  M 2 the 
numbers  ordering the nodes; Ai, i +M 2, conductivity between neighboring nodes along the OZ axis; Si, a rea  per 
res is tance;  and 6 = l /N ,  thickness of a single layer .  The magnitude of the flux Q1 is given by 

M2 
1 

Q,= ~- ~ A,.+M= (ti+ M, -- 6) Sl, (4) 

where t i +M 2 and t i a re  the t empera tures  at neighboring points along the OZ axis.  

In order  to determine the tempera ture  field of the model, we will write the equation for balance of heat 
energy at the i-th point: 

(Ai,~+l ~- Ae,,_, -+- Ai,,§ -J- Ai, i - -M -}- Aid+M* ~ .  

+ A~,z-M~) ti - -  Ai_~,iti_~ - -  Ai+~,itz+i - -  A i -M,~  tz -M - -  Ai+M,i ti+M - -  A i - ~ , , i l i - M =  - -  Ai+M= ,iti+M~ : O, 
(5) 

where A~,, ,; A~,~+, are the conductivity between neighboring points along the OY axis; AZj-M=; Az.i+M~ are the 
conductivity between neighboring points along the OZ axis; Ai,~-M ; &,~+M a re the  conductivity between ne ighbor-  
ing points along the OX axis. Equation (5) can be written in a different form as follows: 

M a - - M  2 M 3 _ M  ~ 

ti E AO-- ~ t l A o = 0 ,  
]=M~§ i=M~§ 

and, in addition, 

/ = i - - l ;  i §  
Aii V = 0 for ] = i - -  M; i -]- M, (6) 

] = i - - M 2 ;  iq-MZ 

If Eq. (6) is writ ten for all values of i = M 2 + 1, M 2 + 2 . . . . .  M a - M ~, then we obtain a sys tem of ord inary  
algebraic equations, whose solution determines the t empera tu re  field of the model. According to the conditions 
of the problem, for a stat ionary p rocess ,  the flux passing through a single layer  equals the flux passing through 
the entire cube. The sys tem of equations (4) and (6) was solved using the Monte Carlo teehnique on an ES-1022 
computer.  Using the method indicated, we determined the dimensions of a representa t ive  element of a binary 
heterogeneous sys tem.  For this, we calculated the effective conductivity of the A model, containing f rom two 
to five layers .  Figure 3a shows the dependence of A = f(N, v) conductivity on the number of l ayers  N for dif-  
ferent values of the ra t io  v = A2/A 1. F rom the resu l t s  obtained, we can draw the following conclusions: 

a) the value of A2/A 1 has prac t ica l ly  no effect on the choice of the representa t ive  element; 

b) the deviation of A from the limiting value (Aoo for N - -  ~o) increases  with increas ing concentration of 
the nonconducting component; 

c) over the entire range of concentrat ions,  the resu l t s  obtainedwith the f ive- layer  model do not deviate 
f rom the limiting values by more  than 5%. Thus, the representa t ive  element of a binary heterogeneous sys tem 
must  contain at least  five l ayers .  

The conductivity of multicomponent sys tems was subsequently studied using the f ive- layer  model. Figure 
3b shows the resu l t s  of a calculation of A for a binary sys tem with different values of A2/A 1 over the entire 
range of variation of concentrat ions 0 -~ m 2 -< I (continuous lines); the dashed lines in this figure indicate the 
dependences calculated using the equations obtained by simulation, proposed by Dul'nev and Novikov [5, 6]. 

1228 



The conductivity of a t h r ee - componen t  s y s t e m  was invest igated using the same  model .  The values  of the 
r e s i s t a n c e  of the f i r s t ,  second,  and thi rd  types  were  d is t r ibuted  among the nodes of the model  in two s tages .  
In the f i r s t  s tage,  bonds were  chosen for  which the values  of the r e s i s t a n c e s  cor responding  to the f i r s t  c o m -  
ponent were  ass igned  in a r andom manner ;  the number  of such bonds was de te rmined  by the volume concen t ra -  
tion mt.  At the second s tage,  the va lues  of  the given volume concentrat ion of the r ema in ing  two components 
were  r eno rma l i zed :  

t 7 / 2  7 f / 2  �9 17/3 
- -  , / 7 / 3 - -  (7) 1 - - r n  I 1 - - r n  t 

where m~ and m~ a re  the new values  of the volume concentra t ion of the second and thi rd  components  and, in 
addition, m~ + m~ = 1. The values  of  the r e s i s t a n c e s  of the second and thi rd  components  were  dis t r ibuted 
accord ing  to the values  of the concentrat ions obtained. F igure  4 shows the r e s u l t s  of the calculat ion of the 
effect ive conductivity of a t h r ee - componen t  sys tem;  the dashed l ines indicate the values  obtained f rom the 
model  r e p r e s e n t a t i o n s  based  on a se l f - cons i s t en t  method [7]. 

N O T A T I O N  

A, conductivity of the he terogeneous  sys tem;  Ai, conductivity of the i - th  component;  mi,  volume concen t ra -  
tion of the i - th  component;  m M and mI,  VOlume concentra t ions  of the conducting and nonconducting (insulating) 
components .  

L I T E R A T U R E  C I T E D  

1. S. Ki rkpa t r i ck ,  "Perco la t ion  and conduction," Rev. Mod. Phys. ,  45___, No. 4, 574-588 (1973). 
2. B . I .  Shklovskii  and A. L. Ef ros ,  "Theory  of perco la t ion  and conduction in s t rongly  iahomogeneous media ,"  

Usp. Fiz.  Nauk, 117, No. 3, 401-434 (1975). 
3. V . K .  Shante and S. Ki rkpa t r i ck ,  "An introduction to percola t ion  theory ,"  Adv. Phys .  (London), 20__, No. 85, 

325-357 (1971). 
4. I. Webman,  J .  J o r t n e r ,  and M. Cohen, "Elec t ron ic  t r a n s p o r t  in a lkal i tungsten b ronzes , "  Phys.  Rev. B, 13__, 

No. 2, 713-727 (1976). 
5. G . N .  Dul 'nev,  T r a n s p o r t  Coeff icients  in Inhomogeneous Media [in Russian] ,  Leningrad Inst i tute  of 

P r e c i s i o n  Mechanics  and Optics ,  Leningrad (1979). 
6. G . N .  Dul 'nev and V. V. Novikov, ~Conductivity of inhomogeneous s y s t e m s , "  Inzh . -F iz .  Zh., 3_6, No. 5, 901- 

910 (1979). 
7. G . N .  Dut 'nev,  B. L. Muratova,  and V. V. Novikov, "Conductivity of mul t icomponent  he terogeneous  s y s t e m s , "  

Inzh . -F iz .  Zh.,  41__, No. 4, 593-600 (1981). 

1229 


